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Definition

r,s,t == e|Alr+s|rs|r|r&s|!Ir

m ¥ is a potentially infinite set of symbols
m A, B, C C X range over sets of symbols

m [r] € X* is the language of a regular expression r,
where [A] = A
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Language Inclusion
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Given two regular expressions r and s,

rCs< [r] C[s]

[rcisliff[[In[s]=0
m Decidable using standard techniques:
Construct DFA for r&!s and check for emptiness

m Drawback is the expensive construction of the automaton
m PSPACE-complete
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Antimirov's Algorithm
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Deciding containment for basic regular expressions

Based on derivatives and expression rewriting

Avoid the construction of an automaton

0a(r) computes a regular expression for a~[r] (Brzozowski)
with u € [r] iff e € [9u(r)]

Lemma

For regular expressions r and s,

rCs & (YueX*) du(r) C du(s).
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Antimirov's Algorithm (cont'd) =
—8_
zlﬂ
1
mma
rCs & (v(r) = v(s)) A (VaeX) d,(r) CE as)
CC-DISPROVE CC-UNFOLD
v(r) A —w(s) v(r) = v(s)
rC s ec false rCstee {02(r) C0a(s) |ac X}
m Choice of next step’s inequality is nondeterministic
m An infinite alphabet requires to compute for infinitely many
aex
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First Symbols 2
55~
Sf

rCs < (v(r)=wv(s)) A (Va € first(r)) da(r) C da(s)

Let first(r) := {a | aw € [r]} be the set of first symbols
Restrict symbols to first symbols of the left hand side

CC-UnFoLD does not have to consider the entire alphabet

For extended regular expressions, first(r) may still be an
infinite set of symbols
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Problems
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= Antimirov’s algorithm only works with basic regular
expressions or requires a finite alphabet

m Extension of partial derivatives (Caron et al.) that computes
an NFA from an extended regular expression

m Works on sets of sets of expressions
m Computing derivatives becomes more expensive
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m Algorithm for deciding [r] C [s] quickly
m Handle extended regular expressions

m Deal effectively with very large (or infinite) alphabets
(e.g. Unicode character set)

m Require finitely many atoms, even if the alphabet is infinite
m Compute derivatives with respect to literals

Matthias Keil, Peter Thiemann Regular Expression Inequalities December 15,2014 8 /21

Representing Sets of Symbols
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A literal is a set of symbols A C ¥

A'is an element of an effective boolean algebra (U, L, M,7, L, T)
where U C (%) is closed under the boolean operations.

m For finite (small) alphabets:
U=p(X), ACT
m For infinite (or just too large) alphabets:
U={Ac p(X)| Afinite V A finite}
m Second-level regular expressions:
Y C (M) with U= {AC p(I'*) | Ais regular}
m Formulas drawn from a first-order theory over alphabets
For example, [a-z] represented by x > ’a’ A x < ’z’
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Derivatives with respect to Literals
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m Definition for da(r)?

m 0,(r) computes a regular expression for a~*[r] (Brzozowski)

Desired property

Ba()] £ A7 = J a2 = 2.1

acA acA
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Positive Derivatives on Literals
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6 BMA#L
0 (B) = ’
a(B) {@, otherwise

With A= {a, b} and r = (a- c)&(b- c),

+ _ st +
oa(r) = da(a-c)&dy(b-c)
= c&c
20
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Negative Derivatives on Literals
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e, BNA=1
5,(B) = ’
A(B) { (0, otherwise

With A= {a,b} and r = (a- c)+(b-c),
5a(r) = 6x(a-c)+0,(b-c)
0+0

c

Ir
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Positive and Negative Derivatives
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m Extends Brzozowski's derivative operator to sets of symbols.
m Defined by induction and flip on the complement operator

| Definition

From 9,(!s) = 10,(s), define:

Ox(Ir) =165 (r) ‘ Sa(ir) :=165(r)
llemma |
For any regular expression r and literal A,

5012 JIa(n)] ‘ [4(N1 € (18a(1)]

acA acA
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Literals of an Inequality
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e

rCs & (v(r) = v(s)) A (Vae first(r)) 9a(r) C a(s)

m first(r) may still be an infinite set of symbols

m Use first literals as representatives of the first symbols

Let r = {a,b,c,d} - d*, then {a, b, c,d} is a first literal
Let s ={a,b,c} - c* + {b,c,d} - d*, then {a, b, c} and
{b, c,d} are first literals
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Literals of an Inequality (cont'd)
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[Problem __________________________

Let r = {a, b,c,d}-d*, s = {a, b,c}-c*+{b, c,d}-d*, and
A={a, b, c, d}, then

5A(r) £ 54(s) (1)
54({a, b, c,d}-d*) C 55 ({a. b, c}t-c*)+545({b, c. d}-d*) (2)
d* T c"+d* 3)

m Positive (negative) derivatives yield an upper (lower)
approximation

m To obtain the precise information, we need to restrict these
literals suitably to next literals, e.g. {{a},{b,c},{d}}
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Next Literals 2
S
next(e) = {0}
next(A) = {A}
next(r+s) = next(r) x next(s)
next(r-s) = {next(r) X next(s), v(r)
next(r), -w(r)
next(r*) = next(r)
next(r&s) = next(r) M next(s)
next(lr) = next(r) U{[T{A| A€ next(r)}}

Let £; and £5 be two sets of disjoint literals.

L1 X L =

{(A1nA2), (A || €2), (| | £11A2) | Av € €1, 42 € £}
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Next Literals (cont'd)
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Example
Let s = {a, b,c} - c* + {b,c,d} - d*, then

next(s) = next({a, b, c} - ¢*) x next({b, c,d} - d*)
={{a,b,c}} x {{b,c,d}}

= {{a} {b,c} {d}}

Lemma

For all r,

m |Jnext(r) 2 first(r)
m |next(r)| is finite

m (VA, B € next(r)) AN B =10
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Let £ = next(r) and A € next(r) \ {0}.

(Va,b € A) 0.(r) = 0p(r) A 64(r) =65(r) = 0a(r)
(Va¢ U&g) 0a(r) =10

Let A’ € next(r). For each ) # A C A’ define da(r) := 9,(r),

where a € A.
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Next Literals of an Inequality
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Next literal of next(r C s)

]
m Sound to join literals of both sides next(r) x next(s)
m Contains also symbols from s

u

First symbols of r are sufficient to prove containment

Let £; and £; be two sets of disjoint literals.

1w L = {(MNA) (AN |£)] A€ L1, 4 € &}

Left-based join corresponds to next(r&(!s)).

Let rCs be an inequality, define: next(r Cs) := next(r) x next(s)
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Solving Inequalities =
g Ineq _a_
zlﬂ
SE
mma
rCs & (v(r) = v(s)) A (Vae first(r)) 9a(r) C a(s)
To determine a finite set of representatives
m select one symbol a from each equivalence class A € next(r)
m calculate with 05 (r) or 6, (r) with A € next(r)
Theorem (Containment)
rCs & (v(r)=uv(s)) A (VA E next(r Cs)) da(r) C da(s)
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Conclusion 2
55~
SE
m Generalize Brzozowski's derivative operator

Extend Antimirov’s algorithm for proving containment

Provides a symbolic decision procedure that works with
extended regular expressions on infinite alphabets

Literals drawn from an effective boolean algebra

Main contribution is to identify a finite set that covers all
possibilities
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Regular Languages
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The language [r] C X* of a regular expression r is defined
inductively by:

[ ={g
[A] ={alacA)

Ir+s] = (U]
Irs] = [-1s]
] =[]

[r&s] = Mﬂ [s]
Il =1
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Nullable a
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The nullable predicate v(r) indicates whether [r] contains the
empty word, that is, v(r) iff € € [r].
v(e) = true
v(A) = false
v(r+s) = v(r)Vu(s)
v(rs) = v(r)Av(s)
v(r*) = true
v(r&s) = v(r)Auv(s)
v(lr) = -w(r)
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Brzozowski Derivatives 2
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0,(r) computes a regular expression for the left quotient a=*[r].

Os(e) =10

0,(A) = e, acA

0, agA

a(r+s) = 0a(r)+0a(s)

0a(rs) = 0a(r)-s+0a(s), v(r)

,(r)s, —w(r)
0x(r*) = 0a(r)r*
D5(r&s) = 9,(r)&d,(s)

d,(1r)  =10,(r)
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First Symbols
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Let first(r) := {a | aw € [r]} be the set of first symbols derivable

from regular expression

first(e) =
first(A)
first(r4s) =

first(r-s) =
first(r*) =

first(r&s) =
first(lr) =

Matthias Keil, Peter Thiemann

First Literals

r.

[

A

first(r) U first(s)

{first(r) Ufirst(s), v(r)
first(r), -w(r)

first(r)

first(r) N first(s)

Y\ {a e first(r) | 0a(r) # X*}
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Let first(r) := {a | aw € [r]} be the set of first symbols derivable

from regular expression

literal(e) =
literal(A) =
literal(r+s) =

literal(r-s) =

literal(r*) =
literal(r&s) =
literal(!r)
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Coverage

Lemma (Coverage)

r.

0

{A}

literal(r) U literal(s)
literal(r) U literal(s), v(r)
literal(r), —w(r)

literal(r)

literal(r) N literal(s)

YN[ J{A € literal(r) | da(r) = X*}
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For all a, u, and r it holds that:

u € [0:(r)] < A€ next(r):ac ANue [65(n]Aue[0,(r)]

Matthias Keil, Peter Thiemann

Regular Expression Inequalities December 15,2014 6 /13

Notizen

Notizen

Notizen




Notizen

¥

Termination §
2
Theorem (Finiteness)
Let R be a finite set of regular inequalities. Define
F(R)=RU{da(rCs)|rCseR,Ac next(r Cs)}

For each r and's, the set |J;c FY({r C s}) is finite.
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Decision Procedure for Containment 2
z5-
S
(DISPROVE) (CycLE)
v(r) —w(s) rCserl
r- rCs : false It rCs : true
(UNFOLD-TRUE)
rCs¢rl v(r) = v(s)
VA€ next(rCs): TU{rCs}  9a(r) C0a(s) : true
I rCs : true
(UNFOLD-FALSE)
rCs¢rl v(r) = v(s)
JA€cnext(rCs): TU{rCs} F 9a(r) Ca(s) : false
I rCs : false
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Prove and Disprove Axioms 2
s5-
Sf
(PROVE-IDENTITY) (PrOVE-EMPTY)
= rCr: true Fr-0Cs : true
(PROVE-NULLABLE) (DISPROVE-EMPTY)
v(s) JA € next(r): A#0D
- eCs : true - rc0 : false
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Theorem (Soundness)

For all regular expression r and s:

O0FrCs: T & rCs
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Negative Derivatives =)
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Let r = {a, b,c,d}-d*, s = {a, b, c}-d*+{b, c,d}-d*, and
A={a,b,c, d}, then
Galr) £ 35(s) (4)
6a{a,b,c,d}-d") T 65({a b, c}-d*)+3,({b, c, d}-d*) (5)
d* C 0+0 (6)
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Next Literals of an Inequality 2
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Let r = {a, b, c,d}-d*, s = {a, b,c}-c*+{b, c,d}-d* then

next(r C s) = next({a, b, ¢, d}-d*) x next({a, b, c}-d*-+{b, c,d}-d*)
= {{a}, {b.c}. {d}}
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Incomplete Containment
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rCs < (v(r)=v(s)) A (VAE literal(r)) 54(r) C 6,(s)
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